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1. INTRODUCTION

It is natural to attempt to extend results from the theory of approximation
in the Banach algebra C[X] (the algebra of continuous complex-valued
functions on the compact Hausdorff space X) to other semi-simple commu-
tative Banach algebras. For example, Katznelson and Rudin {5] have studied
the possibility of extending the Stone-Weierstrass theorem. This paper
considers the possibility of extending Miintz’s theorem to some semi-simple
commutative Banach algebras; in particular, we obtain some results for
certain group algebras. The crux of the difficulty in extending approximation
theory results for C[X] to the more general situation lies in the fact that the
Gelfand transform is norm-shrinking.

Recall that the classical Miintz theorem on C[0, 1] is (Davis [2], p. 272):

THeoREM 1.1 (Miintz). If {u,}7 is a strictly increasing sequence of positive
numbers, p, — oo, then {1, x*1, x",...} is complete in C[0, 1] if and only if
2 1/pn = .

The Miintz-type problem we consider is the following:

Let 4 be a semi-simple Banach algebra and let f< A4; let B be the closed
subalgebra of 4 generated by f and let {u,}); be an infinite sequence of
distinct positive integers (or distinct positive numbers, u, -+ 0). Find suffi-
cient conditions on {u,};° and/or fin order that {f“s}° is complete in B.

Note that the above problem is phrased so that {f, f2 f3,...} is complete
in B by default, and hence the problem is formally independent of whether
or not B has the “Stone-Weierstrass property” —the question considered
by Katznelson and Rudin.

In Section II we give a solution to this problem for the case when B is
an algebra which is generated by its idempotents whose Gelfand transforms
have finite support. As a corollary we obtain a Miintz theorem on certain
closed subalgebras of A(I") where I" is a discrete locally compact abelian
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group. Also we mention what can happen for some closed subalgebras of
A(Z) which are not spanned by their idempotents. In Section III we give
a solution to the problem for the case A = A(T), the algebra of absolutely
convergent Fourier series. The main result is Theorem 3.14.

In order to clarify the terminology: Z is the group of integers; 7 is the
circle group; I” designates a locally compact abelian group whose dual is G.
A(I') is the Banach algebra consisting of the Fourier transforms of the
elements of LY(G); multiplication in A(I') is “pointwise” and the norm for
elements of A(I') is

I lacry = 1l & 2o »

where f is the Fourier transform of g. The Gelfand transform is designated
by 66/\7’.

II. MUNTZ’S THEOREM FOR A(I"), I' DISCRETE

The following result of Newman, Passow, and Raymon [9] gives a hint
of the type of Miintz theorem we can expect for A(I").

THEOREM 2.1. Let X = {0, x,}1" be a sequence of points in [0, 1] such that
X, 1 0. Let {p,,}y° be any infinite sequence of distinct positive numbers, p,, + 0.
Then {1, x*n}° is complete in C[X].

Note the absence of the condition Y (1/u,) = co” which appears in
Theorem 1.1. It might seem that this is possible due to the fact that X is
discrete and countable. Hence it is plausible to anticipate a similar result
if we replace C[X] by a commutative Banach algebra 4 whose maximal ideal
space is discrete and countable. The next theorem makes this more precise.

THEOREM 2.2. Suppose A is a semi-simple commutative Banach algebra
which is spanned by its idempotents whose Gelfand transforms have finite
support in A(A), the maximal ideal space of A. Suppose fc A and
(@ | f(xD)] = | f(x)l only if x; = X, for x;, x, € A(A); (B) {| /()| > €| x € A(4)}
is finite for every € > 0; (c) f(x) # O for any x € A(A). Then {f*}* is complete
in A for every infinite sequence {u,}; of distinct positive integers.

Proof. Let M be the closed span of {f“+},._, in A. It suffices to show that
every idempotent of 4 whose Gelfand transform has finite support is in M.
First we show, given x € 4(A4) there is an idempotent y € 4 such that

Px) =1

(2.2a)
() =0 for yed(4), y #x
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Clearly, since | f(x)| > 0 for every x € 4(4) and since 4 is spanned by its
idempotents with finite support, the set

G = {gec A|g? = g, § has finite support, g(x) = 1}
is not empty. If g, , g, € G then clearly g, g, € G and

supp(g182)~ C (supp £;) N (supp &»).

Thus G contains an element, y, with minimal support, i.e., supp 9 C supp ¢
for every g € G. Suppose y € supp 9 and y # x; we show that this is a contra-
diction: since the idempotents with finite support span 4 and since | f|
separates points on 4(4), there is an idempotent g, € 4 such that g, has finite
support, and such that x ¢ supp ¢, and y e supp £, . Now let y, =y — yg, .
Then j; has finite support, ;2 =1y, and $y(x) = P(x) — $(x) §,(x) =
1 —1-0=1. Thus y, € G. Moreover, supp ¥, C supp ¥ since in particular
7)) =P(y) — ¥ é(y) =1 —1-1=0. Thus y does not have minimal
support; contradiction.

To show that every idempotent with finite support is in M, it suffices to
show that every idempotent of the form (2.2a) is in M.

The elements of A(4) can be ordered x;, x,, X;,... such that
| f (x| > | f(x)] > ---. Thus there is a corresponding order v, , Yo s V3 pees
for every idempotent of the form (2.2a):

Pilx;) =1
Pi(x) =0  forall k+#£j j=1273,..

Proceed by induction; suppose we have shown y; e M for j =1, 2,..., k.
Claim yy,, € M: Let

A= Foe [/~ B0,

Then f; € A and clearly

ol = | S22

=r <l
(*341)

Also,

= m [( - glf (x5) 'y,-)] — Ve (2.2b)
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But lim || fi»|*/#» = r by the spectral radius theorem. So if € >0 and
r + € < 1, we have for large enough n,

1A < (r+ o™

Thus || f4» || — 0 as n — co. Thus from (2.2b) and the induction hypothesis
we must have y,,, € M. The initial step of the induction procedure is vacuous.
Thus y; € M, j = 1, 2, 3,... and the proof is complete.

Obviously Theorem 2.1 is a special case of Theorem 2.2. As another special
case of Theorem 2.2 we obtain our Miintz theorem for subalgebras of 4(I"),
I’ discrete, as Corollary 2.4 below. First we state the following definition
(see Kahane [3]).

DerINITION 2.3, Let B be a subalgebra of the commutative Banach
algebra 4. Define a relation, ~, on 4(4) by x; ~ x, if §(x;) = (x,) for every
g€ B. This is an equivalence relation and partitions 4(A4) into equivalence
classes {E,} called the Rudin equivalence classes. E, = {x e 4(4) | g(x) =0
for all g e A} is called the “zero Rudin equivalence class.” All others are
“nonzero Rudin equivalence classes.”

COROLLARY 2.4. Suppose I is a discrete locally compact abelian group
and B is a closed subalgebra of A(I") which is spanned by its idempotents.
Suppose f € B and

(@) For x,,xseT,
| f(x)] = [f(x2)l only if g(x1) = g(xp) for every g € B.
(b) Forxel,
f(x) = 0 only if g(x) = O for every g € B.

Then {fu=}y is complete in B for every infinite sequence {u,}; of distinct
positive integers.

Proof. The corollary is an immediate consequence of Theorem 2.2 once
we establish the fact that there is a 1-1 correspondence between the elements
of A(B) and the nonzero Rudin equivalence classes determined by B as a
subalgebra of A(I"). Rudin [11, p. 232] has shown that xz € B for every
nonzero Rudin equivalence class E C I'. So for 2 € A(B), let A = h(xg). Then
A = h(xs) = h(xe®) = h(xe) b(xz) = A>. Thus either A =0 or A = 1. But
since B is spanned by its idempotents, there is at least one nonzero Rudin
equivalence class, E,, for which h(xgh) ==1 (otherwise & would be 0 and
therefore h¢ A(B)). Now suppose h(XE,) =1 for two distinct nonzero
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Rudin equivalence classes E, and E,. Then 0= h(0) = h(xg, " X&) =
h(xe) h(xe) =11 =1; contradiction. Thus for every heA(B) there
corresponds a unique nonzero Rudin equivalence class E, for which
h(xe) = 1. Now let E be an arbitrary nonzero Rudin equivalence class.
Define the linear functional 2 on B by h(g) = g(E) for each g e B. Then
h e A(B) and h(xg) = xe(E) = 1; thus E = E,, . Hence there is a 1-1 corre-
spondence between the nonzero Rudin equivalence classes and the elements
of A(B). This completes the proof.

If the subalgebra, B, is not spanned by its idempotents, Corollary 2.4
need not hold. For example, Rider [10] has found a subalgebra B of 4(Z)
which is not spanned by its idempotents and an fe B satisfying (a) and (b)
of Corollary 2.4 for which {f"},_, is complete in B and for which {f"}, _,
is not complete in B. But Kahane [3] and Friedberg [7] have found some
structural conditions on the Rudin equivalence classes which insure that B
is spanned by its idempotents for the cases I'=Z and I' = Z X Z.

III. MiUNTZ’S THEOREM IN A(T)

The solution of the Miintz problem treated in this section has a close
connection with problems treated in chapter six of Kahane’s recent book [4].

DEFINITION 3.1. Let f = 3", a,e"® € A(T). The entropy, H(f), of f is
defined as H(f) = —Y = | a, | log | a, |.

Remark 3.2. When a, >0 and ¥°_ a, = 1, H(f) is the entropy of the
probability distribution on Z which assigns probability a, to n; see Khinchin
[6] and Mureika [8]. Note that H(f) is not necessarily finite. For example if

1
= Talloglape  oF 1n1=2
=0 for |n| <2,
then fe A(T)and H(f) = oo.
LemMa 3.3. h(x) = —x log x is monotonic nondecreasing on [0, 1/e].

Proof. H(x) = —x1jx —logx;s0 A (x) =0if —1 —logx >0, ie., if
x < 1/e.

LEMMA 3.4. Let

f=Yae"cAT), fi=Y aPePcAl), g=7 be'eAT).
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(@ H(f) = —lclloglcllifll+clH).
(®) Ifla;| +1b;| <1le for all j, then H(f + g) < H(f) + H(g).
© IfO0<aq, band |fII<], gl <1, then H(fg) <| gl H(f) +

/1 H(g).

(@) If0 < aforallj,and | f|| < 1, then H(f™) < n| fl** H(f).

() IfH(f) < oo and H(g) < oo, then H(f + g) < 0.

@ If Tila® | <lle and =737 f. converges in LNT), then
H(f) <X H(fp).

® Ifla;l <b;and| gl <lle, then H(f") < H(g"), n=1,2,3,....

(h) IfH(f) < oo and H(g) < oo, then H(fg) < .
Proof.
@) Hcf) = —Y | ca, |log| cay| = —3 | cay | log | ¢ | + log | ay []

= —lclloglellfll+ | el H(f).

(®) H(f+g) = —Y la+bllog|a; - bl

o

< =Y (la;| + | b; ) log(l a; | + | b, |) by Lemma 3.3

Q| =

since |a; + b; | <la;|+1b;] <

< =Y la;llogla;| — Y 15,1 log ;|
since | a; | + | b; | <1
— H(f) + H(g).
© H(E)= -3 ( 5 an-jb,) log( 5 an_kbk)

RmmD \j=—o0 k=—cw0

< =YY ansb;log(a,_sby)
n J

@
since @, b; < Y, a,4h, < 1

k=—o0
= —Z Z ba, _;loga, ; — Z Z a,_;b; log b;
= —Z b, Z Ap-;loga,_; — Z b; log b; Z ay_;
= |l gl H(f) + 1| £ H(g).
(d) By (c) we have H(f?) < 2| fIl H(f).
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Proceed by induction and assume true for n: Then

H(fY) < |f*I H(f) + H(f IS by (©
< WA H() + nllfi HO LA
by the induction hypothesis
= (n + DISI* H(f).

(© H(f+g = —) la;+b;llogla;+ b

N
= —Y |a;+ b;|log|a;+ b; |
ry

—Y. la;+ b;llogla; + b;|.

|i|[>N

It suffices to show that the second sum converges for some choice of N << oo,
since the first sum is always finite. Choose N such that |a; | + | b;] < 1/e
for j > N. Then by (b) the second sum converges since H(f) and H(g) < c0.

(f) Clearly a; = 3, af® whenever > fi converges to f in LXT) as
N — oo. [In particular, this is true if Y f; converges to fin A(T).] Then

H() = Y| 24" |log| T

< -) (Z | a® 1) logY |a®| by Lemma 3.3

) k

since

1
Yo | <Y laP | <,
k k €

N

~Y' ¥ 1 a® |log|a®|
i k

= =YY 14" log|a®|
k i

= ;H(fk)

(® Z ay_;a; l < Z @l ias] < Z by_sb; .

3 J
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Thus if f» = ¥ ; a{™e® and g" = Y, b{™e"®, it is clear that |a{® | < by
forn =1, 2, and for k € Z. Claim this is true for all #n. Proceed by induction
and assume true for n:

(n+1) ]

(n) (n)
Z ak'i,a, Z fays; | | a;|

Z b™b; by the induction hypothesis

= b §Cn+l) .

Thus | al” | < by forn =1, 2, 3,... and for k € Z. Now clearly b{® < 1/e
forn=1,2,3,.., and for ke Z since || g || < 1/e.

Thus — |a{ [log|a™ | << —bMlogh™, n=1,2,3,.. and k€Z by
Lemma 3.3.

Therefore H(f") < H(g"),n =1, 2, 3,..

(h) Choose N such that

1
Y Gal+16D) <5,
lil>N
and let
Z a;et, g = Z e,
l3[<N [iI<N
Then

H(fg) = H[[/i + (— P& + (g — &)l
= H[fig: + (f —f) & + /(g —g) + (f —fi)g — &)}

Now H[f,g,] < cc since f; g, is a trigonometric polynomial.

HI — f) &) = H[ S bei(f — ,q)] < w

li|<N
by part (e) since
Hibje®(f — f)] = H[b(f —f)] <
by part (e) since H[f] < oo and H[f;] < . H[fi(g — g)] < oo for the
same reason. H[(f — f)(g — g1)] < o by part (g) (with n = 1) and by
part (c). Thus, by part (¢), H[fg] < 0.

LemMA 3.5. Iffe A(T)and f" € A(T) then H(f) << 0.
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Proof.
H(f)y = —|aylloglay| =) |a,|log|ay]

' 1
= —|aylloglay| —} |a,,|1/2la,.|1/21nl|—n~|logla,.[

' 1/2
< —lalloglayl + ¥ (1ant2n 7]
1

% [T (ry | a0 2 l0g 12, 1) ]

|n|
by Schwarz’s inequality
< —laglloglay| + Cllf"[M? < co.
(Note that {| a,, | (log | a,, |)?} is a bounded sequence because

2(log x) 1/x

P
i (log x)* = lig =273

= lxlirol —2xlogx = 0.)
LEMMA 3.6. Suppose fe A(T) and H(f) < o and F(z) = ¥y an(z — ¢)
converges for|z — c| <rand|f — c| = r, <min(l/e, r). Then H[F(f)] < c0.

Proof. Clearly F(f) = Yy a,(f — c)* converges in A(T). Choose N > 1
such that

Y lanlne <.
N+1

Then

HIF()) = H[i alf— o+ 3 alf— c),,] <

N+1
if H[ 541 aa(f — ©)*] < oo, by Lemma 3.4(¢) and (h). Now by Lemma 3.4(f),

H[i anlf — c)”] < Y Hiaf — o]

N+1 N+1

= 3 {—la,llog | an | I(f — &) | + | an | HI(f — )]}

N+1

by Lemma 3.4(a)

< Z {_ lan|1°g]an||if‘c|l"+1anl"\|f'*6‘l\"”1H(f—c)}

N+1
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by Lemma 3.4(g) and (d)

o«

<Y (= lailoglan)r® + H(f —¢) Y nlay| i

N+1 N+1

The second series obviously converges, since r; < r. The first series con-
verges since —Y |a,|r"log(la,|rn™) <o by Lemma 3.5. Hence
HY i a(f — )] < .

THEOREM 3.7. Suppose fe A(T) and f(8) £ 0 on T and H(f) < oo. Then
H(log f) < co.

Proof. By Wiener’s theorem 1/fe A. Therefore we can find a trigonom-
etric polynomial, g, such that |1 — gf]l < 1/e and such that g(8) < 0.
(e.g., we may take g as Sy[1/f] for a sufficiently large N). Also

H(log f) = H(log gf + log 1/g) < o if Zggﬁ ffg))ifo

by Lemma 3.3(e). Since log(1/g) € C=(T), by Lemma 3.5, H(log 1/g) < 0.
By Lemma 3.6, letting

F@) = logz = ¥ (1w ="
1 n

we see that H(log gf) < co. Thus H(log f) < o0.

THEOREM 3.8. Suppose fe A(T) and f(8) # 0 on T and H(f) < o0. Then
HQ1[f) < co.

Proof. Virtually the same as Theorem 3.7.
Theorems 3.7 and 3.8 make the following conjecture worth investigating:

Conjecture 3.9. If F(z) is analytic on a domain D and if fe A(T) and
Range fC D and H(f) < oo then H[F(f)] < co.

But the proofs of Theorems 3.7 and 3.8 use special properties of the func-
tions log z and 1/z, respectively, which apparently preclude a direct adapta-
tion of these proofs to the case of a more general F(z).

For our Miintz theorem on 4(T) we need the following result (Boas [1],
p. 156) concerning the zeros of an analytic function.

THEOREM 3.10. Suppose F(z) is analytic and of exponential type for
Re z > 0 and that {u,}7 is an infinite sequence of distinct positive numbers.
Also suppose
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@ Fp,)=0 n=123,.

) %=

n=1 Hn

R
© I [ Jlog | Fiy) F—i) dy < e

Then F(z) =0inRez = 0.

LemMmA 3.11. Suppose

g =) b c AT)n C'(T).

Then || g llay < K| &' llzary + | bo | (K independent of g).
Proof.

oo

Igllary = 2 nlb, I——Hbol

—a0

o«

, , 1 7172
< ” g ”LZ(T) [Z ?] + I b0 I
= K”g’ ”Lz(T) + I bO I'

LemMA 3.12. For y real, || ev®%s8 | ,iry <1+ K|y | and || &80 || ;1) <
1+ Kyl

Proof. By Lemma 3.11,

: 1 . L .
” etll cosé ”A(T) i T ewcosﬁ de | _I_ K” ly elﬂcosa sin 0”L2(T)

IyI

Similarly,

1 = . .
” eivslno ”A(T) < ‘ WJ‘ etvsiné g0 l + Kl] iy evsine o0 ”L’(T)
-

<1+K|yl

LemmA 3.13. Suppose ge A(T) and X is an integer; let g,(8) = g(Af).
Then || g1 llaer) =118 llaco) -
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Proof. Letg =3 b,ein.

gl =Y bue*®®l = 3 | b,|  since An€ Z for each n
nez nez
=gl

THEOREM 3.14. Suppose f =3 ae™ € A(T) and >0 and H(f) =
—~>la,|logla,| < co. Let B be the closed subalgebra of A(T) generated
by f. Let {u,}; be an infinite sequence of distinct positive numbers, and suppose
> (1/py) = 0. Then {fu»}y is complete in B.

Proof. Suppose logf(8) = g(f) = X" bee'™®; then ge A(T). Suppose
¢ is a continuous linear functional on A(7T) for which (¢, > =0,
n=1,273,... We must show that <{¢,f> =0, j=1,2, 3,.... Define
F(z) = {¢, e”). Then F(z) is an entire function of exponential type with
zeros at {u,}; on the positive real axis. We have for real y

[E@) F(—in)l < | dIPIlev? |[[ e .
Now g() = Y=, beim® =Y cocosnd + Y5 d, sin nfl, where ¢, = b, and

c,,=2Reb,,% for n > 1.

d,=2Imb,
Thus

I Ve =1 ew[Z?c,,eOSne-t-E‘f’d,,smnel I

o «w
H eivc,. co8 nd l—[ eiyd,, sinné
1 1

{” eiﬂc" cos né “ ” eiﬂdﬂ sinne “}

N

{I eenc=?| | M)} by Lemma 3.13

s =8 =8 ~—s

<[00+ KlIyllea M1 +K|yl|d,|] by Lemma 3.12

ST +2K1y1ba 1P

Thus
| Fay) F(—ip)) <!l 61 TTIL + 2K\ 211 Bul! -
1



MUNTZ’S THEOREM FOR GROUP ALGEBRAS 171

Therefore
© 1 , .
[ 508 Fay) F(—in)l dy

<[ tog i 4R TT I + 2Ky | b, 1] dy
1 Y 1

= 2log|l 4 ® o 4log[l + 2K| b, | y]
J1 »? J}—i--fl ; V2 Y

= 1 2 (= logll + 2K | b,
= 2log) ¢ | sl +4Y | ogl +y2' A g,
1

Now
= 1
[ Jstogll + K| b, | y1dy
1 Y

- 171® ® 1 K|b<n[
= toglt + K16, [ )+ [ SR Y

©»1 K|b,|
= -y,
log[1+K|b,.|]+f1 yTT K617
Consider the second term:
R1 K|b,]|
2l g
f1y1+K|bn|y Y
_ (®[K]ba| K?{ b, ?
N St ey o i
_ K2| by | (MR 1
= KIbullog R =T g W
= K| b, | {log R — log[l + RK| b, |] + log[l + K| b, |I}
_ Rl + K| b, ] 1+ K|b,|
-—Klb,,llog—~————1+RKlbn| —>K]b,,llog————Klbn| as R— oo.
Thus, putting things together:
<] wl
> [ <5 logll + K1 bl yldy
1 %1 y
_ 1+ K|b,|
= 310g[1+K|bnl]+KlanIOgW

=8 =8

K|bal + Y K|byllogll + K|b,|] — 3 K|by|log(K|b,])
1 1

1 1 i

1

<
S [K—Klog Kl gll + K| g + KH(g).
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Now we know that g = logfe A(T) (because f > 0 and hence logz is

analytic on the range of f). Thus || g || < 0. Also, H(g) < oo by Theorem 3.7.
Therefore we have

© 1 ) .
fl 35 log | Fliy) F(~iy)l dy < oo,

Therefore, Theorem 3.10 applies and so F(z) =0. In particular,
F(j) = <¢,f7> = 0 for every positive integer j.
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